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Abstract
We give necessary and sufficient conditions on a pair of positive radial functions V and W on a ball
B of radius R in Rn, n ≥ 1, so that the following inequalities hold
R
B
V (x)|∇u|2dx ≥
R
B
W (x)u2dx+ b
R
∂B
u2ds for all u ∈ H1(B),
and R
B
V (x)|∆u|2dx ≥
R
B
W (x)|∇u|2dx+ b
R
∂B
|∇u|2ds for all u ∈ H2(B).
Then we present various classes of optimal weighted Hardy-Rellich inequalities on H2 ∩H10 . The proofs
are based on decomposition into spherical harmonics. These types inequalities are important in the study
of fourth order elliptic equations with Navier boundary condition and systems of second order elliptic
equations.
1 Introduction
Let Ω be a smooth bounded domain in Rn and 0 ∈ Ω. Let us recall that the classical Hardy-Rellich inequality
assets that ∫
Ω
|∆u|2dx ≥ n
2(n− 4)2
16
∫
Ω
u2
|x|4 dx, for u ∈ H
2
0 (Ω), (1)
where the constant appearing in the above inequality is the best constant and it is never achieved in H20 .
Recently there has been a flurry of activity about possible improvements of the following type
If n ≥ 5 then ∫
Ω
|∆u|2dx− n2(n−4)216
∫
Ω
u2
|x|4 dx ≥
∫
Ω
W (x)u2dx for u ∈ H20 (Ω), (2)
as well as
If n ≥ 3 then ∫Ω |∆u|2dx− C(n) ∫Ω |∇u|2|x|2 dx ≥ ∫Ω V (x)|∇u|2dx for all u ∈ H20 (Ω), (3)
where V,W are certain explicit radially symmetric potentials of order lower than 1
r2
(for V ) and 1
r4
(for W )
(see [2], [3], [8], [10], [11], [15], and [18].
The inequality (1) was first proved by Rellich [17] for u ∈ H20 (Ω) and then it was extended to functions in
H2(Ω)∩H10 (Ω) by Donal et al. in [11]. So far most of the results about improved Hardy-Rellich inequalities
and the inequalities of the form (3) are proved for u ∈ H20 (Ω) (see [8], [15], and [18]). The goal of this paper
is to provide a general approach to prove optimal weighted Hardy-Rellich inequalities on H2(Ω) ∩ H10 (Ω)
and inequalities of type (3) on H2(Ω) which are important in the study of fourth order elliptic equations
with Navier boudary condition and systems of second order elliptic equations (see [16]).
∗This work is supported by a Killam Predoctoral Fellowship, and is part of the author’s PhD dissertation in preparation
under the supervision of N. Ghoussoub.
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We start – in section 2 – by giving necessary and sufficient conditions on positive radial functions V and
W on a ball B in Rn, so that the following inequality holds for some c > 0 and b < 0:
∫
B
V (x)|∇u|2dx ≥ c ∫
B
W (x)u2dx + b
∫
∂B
u2 for all u ∈ H1(B). (4)
Assuming that the ball B has radius R and that
∫ R
0
1
rn−1V (r)dr = +∞, the condition is simply that the
ordinary differential equation
(BV,cW ) y
′′(r) + (n−1
r
+ Vr(r)
V (r) )y
′(r) + cW (r)
V (r) y(r) = 0
has a positive solution ϕ on the interval (0, R) with V (R)ϕ
′(R)
ϕ(R) = b. As in [15], we shall call such a couple
(V,W ) a Bessel pair on (0, R). The weight of such a pair is then defined as
β(V,W ;R) = sup
{
c; (BV,cW ) has a positive solution on (0, R)
}
. (5)
We call W a Bessel potential if (1,W ) is a Bessel pair. This characterization makes an important connec-
tion between Hardy-type inequalities and the oscillatory behavior of the above equations. For a detailed
analysis of Bessel pairs see [15]. The above theorem in the general form of improved Hardy-type inequal-
ities which recently has been of interest for many authors (see [1], [4], [5], [6], [7], [9], [12], [13], [19], and [20]).
Here is the main result of this paper.
Theorem 1.1 Let V and W be positive radial C1-functions on B\{0}, where B is a ball centered at zero
with radius R in Rn (n ≥ 1) such that ∫ R
0
1
rn−1V (r)dr = +∞ and
∫ R
0
rn−1V (r)dr < +∞. The following
statements are then equivalent:
1. (V,W ) is a Bessel pair on (0, R) with θ := V (R)ϕ
′(R)
ϕ(R) , where ϕ is the corresponding solution of
(B(V,W )).
2.
∫
B
V (x)|∇u|2dx ≥ ∫
B
W (x)u2dx+ θ
∫
∂B
u2ds for all u ∈ C∞(B¯).
3. If limr→0 r
αV (r) = 0 for some α < n− 2, then the above are equivalent to
∫
B
V (x)|∆u|2dx ≥ ∫
B
W (x)|∇u|2dx+ (n− 1) ∫
B
(V (x)|x|2 − Vr(|x|)|x| )|∇u|2dx+ (θ + (n− 1)V (R))
∫
∂B
|∇u|2,
for all radial u ∈ C∞(B¯).
4. If in addition, W (r)− 2V (r)
r2
+ 2Vr(r)
r
− Vrr(r) ≥ 0 on (0, R), then the above are equivalent to
∫
B
V (x)|∆u|2dx ≥ ∫
B
W (x)|∇u|2dx+ (n− 1) ∫
B
(V (x)|x|2 − Vr(|x|)|x| )|∇u|2dx+ (θ + (n− 1)V (R))
∫
∂B
|∇u|2,
for all u ∈ C∞(B¯).
Appropriate combinations of 4) and 2) in the above theorem and lead to a myriad of Hardy-Rellich type
inequalities on H2(Ω) ∩H10 (Ω).
Remark 1.2 The condition W (r) − 2V (r)
r2
+ 2Vr(r)
r
− Vrr(r) ≥ 0 in the above theorem guarantees that the
minimizing sequences are radial functions. We shall see in section 3 that even with out this condition our
approach is applicable, although the minimizing sequences are no longer radial functions.
Remark 1.3 To see the importance and generality of the above theorem, notice that inequalities (7) and
(8) in [16] which are the author’s main tools to prove singularity of the extremal solutions in dimensions
n ≥ 9 (see [16]) are an immediate consequence of the above theorem combined with (4). This theorem will
also allow us to extend most of the results about Hardy and Hardy-Rellich type inequalities on C∞0 (Ω) to
corresponding inequalities on C∞(Ω¯) such as those in [15] and [18].
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We shall show that for −n2 ≤ m ≤ n−22
Hn,m = inf
u∈H2(B)\{0}
∫
B
|∆u|2
|x|2m∫
B
|∇u|2
|x|2m+2
= inf
u∈H20 (B)\{0}
∫
B
|∆u|2
|x|2m∫
B
|∇u|2
|x|2m+2
, (6)
and for −n2 ≤ m ≤ n−42
an,m = inf
u∈H2(B)∩H10 (B)\{0}
∫
B
|∆u|2
|x|2m∫
B
u2
|x|2m+4
=
∫
B
|∆u|2
|x|2m∫
B
u2
|x|2m+4
, (7)
where the constants Hn,m and an,m have been computed in [18] and then more generally in [15]. For example
an,0 =
n2
4 for n ≥ 5, a4,0 = 3, and a3,0 = 2536 .
The above general theorem also allows us to obtain improved Hardy-Rellich inequalities on H2(B)∩H10 (B).
For instance, assume W is a Bessel potential on (0, R) and ϕ is the corresponding solution of (B(1,W )) with
R
ϕ′(R)
ϕ(R) ≥ −n2 . If rWr(r)W (r) decreases to −λ and λ ≤ n− 2, then we have for all H2(B) ∩H10 (B)
∫
B
|∆u|2dx− n
2(n− 4)2
16
∫
B
u2
|x|4 dx ≥
(n2
4
+
(n− λ− 2)2
4
)
β(W ;R)
∫
B
W (x)
|x|2 u
2dx. (8)
By applying (8) to the various examples of Bessel functions, we can various improved Hardy-Rellich inequal-
ities on H2(B) ∩H10 (B). Here are some basic examples of Bessel potentials, their corresponding solution ϕ
of (B(1,W )).
• W ≡ 0 is a Bessel potential on (0, R) for any R > 0 and ϕ = 1.
• W ≡ 1 is a Bessel potential on (0, R) for any R > 0, ϕ(r) = J0(µrR ), where J0 is the Bessel function
and z0 = 2.4048... is the first zero of the Bessel function J0. Moreover R
ϕ′(R)
ϕ(R) = −n2 .
• For k ≥ 1, R > 0, let Wk,ρ(r) = Σkj=1 1r2
(∏j
i=1 log
(i) ρ
r
)−2
where the functions log(i) are defined
iteratively as follows: log(1)(.) = log(.) and for k ≥ 2, log(k)(.) = log(log(k−1)(.)). Wk,ρ is then a Bessel
potential on (0, R) with the corresponding solution
ϕk =
( j∏
i=1
log(i)
ρ
r
)− 12 .
It is easy to see that for ρ ≥ R(eee
..
e((k−1)−times)
) large enough we have R
ϕ′k(R)
ϕk(R)
≥ −n2 .
• For k ≥ 1, and R > 0, define W˜k;ρ(r) = Σkj=1 1r2X21 ( rR )X22 ( rR ) . . . X2j−1( rR )X2j ( rR ) where the functions
Xi are defined iteratively as follows: X1(t) = (1− log(t))−1 and for k ≥ 2, Xk(t) = X1(Xk−1(t)). Then
again W˜k,ρ is a Bessel potential on (0, R) with ϕk = (X1(
r
R
)X2(
r
R
) . . . Xj−1(
r
R
)Xk(
r
R
))
1
2 . Moreover,
R
ϕ′k(R)
ϕk(R)
= −k2 .
As an example, let k ≥ 1 and choose ρ ≥ R(eee
..
e(k−times)
) large enough so that Rϕ
′(R)
ϕ(R) ≥ −n2 , where
ϕ =
( j∏
i=1
log(i)
ρ
|x|
) 1
2 . (9)
Then we have
∫
B
|∆u(x)|2dx ≥ n
2(n− 4)2
16
∫
B
u2
|x|4 dx+ (1 +
n(n− 4)
8
)
k∑
j=1
∫
B
u2
|x|4
( j∏
i=1
log(i)
ρ
|x|
)−2
dx, (10)
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for all H2(B) ∩H10 (B) which corresponds to the result od Adimurthi et al. [2].
More generally, we show that for any −n2 ≤ m < n−22 , and any W Bessel potential on a ball BR ⊂ Rn
of radius R, if for the corresponding solution ϕ of (B(1,W )) we have R
ϕ′(R)
ϕ(R) ≥ −n2 −m, then the following
inequality holds for all u ∈ C∞0 (BR)∫
BR
|∆u|2
|x|2m ≥ an,m
∫
BR
|∇u|2
|x|2m+2 dx + β(W ;R)
∫
BR
W (x)
|∇u|2
|x|2m dx. (11)
We also establish a more general version of equation (8). Assuming again that rW
′(r)
W (r) decreases to −λ on
(0, R), and provided m ≤ n−42 and n2 +m ≥ λ ≥ n− 2m− 4, we then have for all u ∈ C∞0 (BR),∫
BR
|∆u|2
|x|2m dx ≥
(n+ 2m)2(n− 2m− 4)2
16
∫
BR
u2
|x|2m+4 dx
+β(W ;R)(
(n+ 2m)2
4
+
(n− 2m− λ− 2)2
4
)
∫
BR
W (x)
|x|2m+2u
2dx. (12)
2 General Hardy Inequalities
Here is the main result of this section.
Theorem 2.1 Let V and W be positive radial C1-functions on BR\{0}, where BR is a ball centered at zero
with radius R (0 < R ≤ +∞) in Rn (n ≥ 1). Assume that ∫ a0 1rn−1V (r)dr = +∞ and ∫ a0 rn−1V (r)dr < ∞
for some 0 < a < R. Then the following two statements are equivalent:
1. The ordinary differential equation
(BV,W ) y
′′(r) + (n−1
r
+ Vr(r)
V (r) )y
′(r) + W (r)
V (r) y(r) = 0
has a positive solution on the interval (0, R] with θ := V (R)ϕ
′(R)
ϕ(R) .
2. For all u ∈ H1(BR)
(HV,W )
∫
BR
V (x)|∇u(x)|2dx ≥ ∫
BR
W (x)u2dx+θ
∫
∂B
u2 ds.
The above theorem allows to generalize all Hardy type inequalities on H10 (Ω) to a corresponding inequality
on H1(Ω). For instance we can get the following general form of the Caffarelli-Kohn-Nirenberg inequalities.
Corollary 2.2 Assume B is the ball of radius R and and centered at zero in Rn. If a ≤ n−22 , then∫
B
|x|−2a|∇u(x)|2dx ≥ (n− 2a− 2
2
)2
∫
B
|x|−2a−2u2dx− (n− 2a− 2)R
−2a−1
2
∫
∂B
u2dx, (13)
for all u ∈ H1(B).
To prove Theorem 2.1 we shall need the following lemma.
Lemma 2.3 Let V and W be positive radial C1-functions on a ball B\{0}, where B is a ball with radius R
in Rn (n ≥ 1) and centered at zero. Assume∫
B
(
V (x)|∇u|2 −W (x)|u|2) dx− θ ∫
∂B
u2ds ≥ 0 for all u ∈ H1(B),
for some θ < 0. Then there exists a C2-supersolution to the following linear elliptic equation
− div(V (x)∇u) −W (x)u = 0, in B, (14)
u > 0 in B \ {0}, (15)
V∇u.ν = θu in ∂B. (16)
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Proof: Define
λ1(V ) := inf{
∫
B
V (x)|∇ψ|2 −W (x)|ψ|2 − θ ∫
∂B
u2∫
B
|ψ|2 ; ψ ∈ C
∞
0 (B \ {0})}.
By our assumption λ1(V ) ≥ 0. Let (ϕn, λn1 ) be the first eigenpair for the problem
(L− λ1(V )− λn1 )ϕn = 0 on B \BR
n
ϕn = 0 on ∂BR
n
V∇ϕn.ν = θϕn on ∂B,
where Lu = −div(V (x)∇u) −W (x)u, and BR
n
is a ball of radius R
n
, n ≥ 2 . The eigenfunctions can be
chosen in such a way that ϕn > 0 on B \BR
n
and ϕn(b) = 1, for some b ∈ B with R2 < |b| < R.
Note that λn1 ↓ 0 as n → ∞. Harnak’s inequality yields that for any compact subset K, maxKϕnminKϕn ≤ C(K)
with the later constant being independent of ϕn. Also standard elliptic estimates also yields that the family
(ϕn) have also uniformly bounded derivatives on the compact sets B −BR
n
.
Therefore, there exists a subsequence (ϕnl2 )l2 of (ϕn)n such that (ϕnl2 )l2 converges to some ϕ2 ∈ C2(B \
B(R2 )). Now consider (ϕnl2 )l2 on B \ B(R3 ). Again there exists a subsequence (ϕnl3 )l3 of (ϕnl2 )l2 which
converges to ϕ3 ∈ C2(B \ B(R3 )), and ϕ3(x) = ϕ2(x) for all x ∈ B \ B(R2 ). By repeating this argument we
get a supersolution ϕ ∈ C2(B \ {0}) i.e. Lϕ ≥ 0, such that ϕ > 0 on B \ {0} and V∇ϕ.ν = θϕ on ∂B. 
Proof of Theorem 2.1: First we prove that 1) implies 2). Let ϕ ∈ C1(0, R] be a solution of (BV,W ) such
that ϕ(x) > 0 for all x ∈ (0, R). Define u(x)
ϕ(|x|) = ψ(x). Then
|∇u|2 = (ϕ′(|x|))2ψ2(x) + 2ϕ′(|x|)ϕ(|x|)ψ(x) x|x| .∇ψ + ϕ
2(|x|)|∇ψ|2.
Hence,
V (|x|)|∇u|2 ≥ V (|x|)(ϕ′(|x|))2ψ2(x) + 2V (|x|)ϕ′(|x|)ϕ(|x|)ψ(x) x|x| .∇ψ(x).
Thus, we have∫
B
V (|x|)|∇u|2dx ≥
∫
B
V (|x|)(ϕ′(|x|))2ψ2(x)dx +
∫
B
2V (|x|)ϕ′(|x|)ϕ(|x|)ψ(x) x|x| .∇ψdx.
Let Bǫ be a ball of radius ǫ centered at the origin. Integrate by parts to get∫
B
V (|x|)|∇u|2dx ≥
∫
B
V (|x|)(ϕ′(|x|))2ψ2(x)dx +
∫
Bǫ
2V (|x|)ϕ′(|x|)ϕ(|x|)ψ(x) x|x| .∇ψdx
+
∫
B\Bǫ
2V (|x|)ϕ′(|x|)ϕ(|x|)ψ(x) x|x| .∇ψdx
=
∫
Bǫ
V (|x|)(ϕ′(|x|))2ψ2(x)dx +
∫
Bǫ
2V (|x|)ϕ′(|x|)ϕ(|x|)ψ(x) x|x| .∇ψdx
−
∫
B\Bǫ
{(
V (|x|)ϕ′′(|x|)ϕ(|x|) + ((n− 1)V (|x|)
r
+ Vr(|x|))ϕ′(|x|)ϕ(|x|)
)
ψ2(x)
}
dx
+
∫
∂(B\Bǫ)
V (|x|)ϕ′(|x|)ϕ(|x|)ψ2(x)ds
Let ǫ→ 0 and use Lemma 2.3 in [15] and the fact that ϕ is a solution of (Dv,w) to get
∫
B
V (|x|)|∇u|2dx ≥ −
∫
B
[V (|x|)ϕ′′(|x|) + ((n− 1)V (|x|)
r
+ Vr(|x|))ϕ′(|x|)] u
2(x)
ϕ(|x|)dx
=
∫
B
W (|x|)u2(x)dx − θ
∫
∂B
u2ds.
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To show that 2) implies 1), we assume that inequality (HV,W ) holds on a ball B of radius R, and then apply
Lemma 2.3 to obtain a C2-supersolution for the equation (14). Now take the surface average of u, that is
y(r) =
1
nωwrn−1
∫
∂Br
u(x)dS =
1
nωn
∫
|ω|=1
u(rω)dω > 0, (17)
where ωn denotes the volume of the unit ball in R
n. We may assume that the unit ball is contained in B
(otherwise we just use a smaller ball). It is easy to see that V (R)y
′(R)
y(R) = θ. We clearly have
y′′(r) +
n− 1
r
y′(r) =
1
nωnrn−1
∫
∂Br
∆u(x)dS. (18)
Since u(x) is a supersolution of (14), we have
∫
∂Br
div(V (|x|)∇u)ds −
∫
∂B
W (|x|)udx ≥ 0,
and therefore,
V (r)
∫
∂Br
∆udS − Vr(r)
∫
∂Br
∇u.xds−W (r)
∫
∂Br
u(x)ds ≥ 0.
It follows that
V (r)
∫
∂Br
∆udS − Vr(r)y′(r) −W (r)y(r) ≥ 0, (19)
and in view of (17), we see that y satisfies the inequality
V (r)y′′(r) + (
(n− 1)V (r)
r
+ Vr(r))y
′(r) ≤ −W (r)y(r), for 0 < r < R, (20)
that is it is a positive supersolution y for (BV,W ) with V (R)
y′(R)
y(R) = θ. Standard results in ODE now allow
us to conclude that (BV,W ) has actually a positive solution on (0, R), and the proof of theorem 2.1 is now
complete. 
An immediate application of Theorem 2.6 in [15] and Theorem 2.1 is the following very general Hardy
inequality.
Theorem 2.4 Let V (x) = V (|x|) be a strictly positive radial function on a smooth domain Ω containing 0
such that R = supx∈Ω |x|. Assume that for some λ ∈ R
rVr(r)
V (r) + λ ≥ 0 on (0, R) and limr→0
rVr(r)
V (r) + λ = 0. (21)
If λ ≤ n− 2, then the following inequality holds for any Bessel potential W on (0, R):
∫
Ω
V (x)|∇u|2dx ≥ (n− λ− 2
2
)2
∫
Ω
V (x)
|x|2 u
2dx + β(W ;R)
∫
Ω
V (x)W (x)u2dx
+ V (R)(
ϕ′(R)
ϕ(R)
− n− λ− 2
2R
)
∫
∂B
u2 for u ∈ H1(Ω),
where ϕ is the corresponding solution of (B1,W ).
Proof: Under our assumptions, it is easy to see that y = r
n−λ−2
2 ϕ(r) is a positive super-solution of
B(V,V (n−λ−22 )2r−2+W )
. Now apply Theorem 2.6 in [15] and Theorem 2.1 to complete the proof. 
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3 General Hardy-Rellich inequalities
Let 0 ∈ Ω ⊂ Rn be a smooth domain, and denote
Ckr (Ω¯) = {v ∈ Ck(Ω¯) : v is radial }.
We start by considering a general inequality for radial functions.
Theorem 3.1 Let V and W be positive radial C1-functions on a ball B\{0}, where B is a ball with radius R
in Rn (n ≥ 1) and centered at zero. Assume ∫ R0 1rn−1V (r)dr =∞ and limr→0 rαV (r) = 0 for some α < n−2.
Then the following statements are equivalent:
1. (V,W ) is a Bessel pair on (0, R) with θ := V (R)ϕ
′(R)
ϕ(R) , where ϕ is the corresponding solution of
(B(V,W )).
2. If limr→0 r
αV (r) = 0 for some α < n− 2, then the above are equivalent to
∫
B
V (x)|∆u|2dx ≥ ∫
B
W (x)|∇u|2dx+ (n− 1) ∫
B
(V (x)|x|2 − Vr(|x|)|x| )|∇u|2dx+ (θ + (n− 1)V (R))
∫
∂B
|∇u|2,
for all radial u ∈ C∞(B¯).
Proof: Assume u ∈ C∞r (B¯) and observe that∫
B
V (x)|∆u|2dx = nωn{
∫ R
0
V (r)u2rrr
n−1dr + (n− 1)2
∫ R
0
V (r)
u2r
r2
rn−1dr + 2(n− 1)
∫ R
0
V (r)uurr
n−2dr}.
Setting ν = ur, we then have∫
B
V (x)|∆u|2dx =
∫
B
V (x)|∇ν|2dx+ (n− 1)
∫
B
(
V (|x|)
|x|2 −
Vr(|x|)
|x| )|ν|
2dx+ (n− 1)V (R)
∫
∂B
|ν|2ds.
Thus, (HRV,W ) for radial functions is equivalent to∫
B
V (x)|∇ν|2dx ≥
∫
B
W (x)ν2dx.
It therefore follows from Theorem 2.1 that 1) and 2) are equivalent. 
3.1 The non-radial case
The decomposition of a function into its spherical harmonics will be one of our tools to prove our results.
This idea has also been used in [18] and [15]. Let u ∈ C∞(B¯). By decomposing u into spherical harmonics
we get
u = Σ∞k=0uk where uk = fk(|x|)ϕk(x)
and (ϕk(x))k are the orthonormal eigenfunctions of the Laplace-Beltrami operator with corresponding eigen-
values ck = k(N + k − 2), k ≥ 0. The functions fk belong to u ∈ C∞([0, R]), fk(R) = 0, and satisfy
fk(r) = O(r
k) and f ′(r) = O(rk−1) as r → 0. In particular,
ϕ0 = 1 and f0 =
1
nωnrn−1
∫
∂Br
uds = 1
nωn
∫
|x|=1
u(rx)ds. (22)
We also have for any k ≥ 0, and any continuous real valued functions v and w on (0,∞),
∫
Rn
V (|x|)|∆uk|2dx =
∫
Rn
V (|x|)(∆fk(|x|) − ck fk(|x|)|x|2
)2
dx, (23)
and ∫
Rn
W (|x|)|∇uk|2dx =
∫
Rn
W (|x|)|∇fk|2dx+ ck
∫
Rn
W (|x|)|x|−2f2kdx. (24)
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Theorem 3.2 Let V and W be positive radial C1-functions on a ball B\{0}, where B is a ball with radius
R in Rn (n ≥ 1) and centered at zero. Assume ∫ R
0
1
rn−1V (r)dr = ∞ and limr→0 rαV (r) = 0 for some
α < (n− 2). If
W (r)− 2V (r)
r2
+
2Vr(r)
r
− Vrr(r) ≥ 0 for 0 ≤ r ≤ R, (25)
and the ordinary differential equation (BV,W ) has a positive solution ϕ on the interval (0, R] such that
(n− 1 +Rϕ
′(R)
ϕ(R)
)V (R) ≥ 0, (26)
then the following inequality holds for all u ∈ H2(B).
(HRV,W )
∫
B
V (x)|∆u|2dx ≥ ∫
B
W (x)|∇u|2dx+ (n− 1) ∫
B
(V (x)|x|2 − Vr(|x|)|x| )|∇u|2dx.
Moreover, if β(V,W ;R) ≥ 1, then the best constant is given by
β(V,W ;R) = sup
{
c; (HRV,cW ) holds
}
. (27)
Proof: Assume that the equation (BV,W ) has a positive solution on (0, R]. We prove that the inequality
(HRV,W ) holds for all u ∈ C∞0 (B) by frequently using that
∫ R
0
V (r)|x′(r)|2rn−1dr ≥ ∫ R
0
W (r)x2(r)rn−1dr + V (R)ϕ
′(R)
ϕ(R) R
n−1(x(R))2 for all x ∈ C1(0, R]. (28)
Indeed, for all n ≥ 1 and k ≥ 0 we have
1
nwn
∫
Rn
V (x)|∆uk|2dx = 1
nwn
∫
Rn
V (x)
(
∆fk(|x|)− ck fk(|x|)|x|2
)2
dx
=
∫ R
0
V (r)
(
f ′′k (r) +
n− 1
r
f ′k(r) − ck
fk(r)
r2
)2
rn−1dr
=
∫ R
0
V (r)(f ′′k (r))
2rn−1dr + (n− 1)2
∫ R
0
V (r)(f ′k(r))
2rn−3dr
+c2k
∫ R
0
V (r)f2k (r)r
n−5 + 2(n− 1)
∫ R
0
V (r)f ′′k (r)f
′
k(r)r
n−2
−2ck
∫ R
0
V (r)f ′′k (r)fk(r)r
n−3dr − 2ck(n− 1)
∫ R
0
V (r)f ′k(r)fk(r)r
n−4dr.
Integrate by parts and use (22) for k = 0 to get
1
nωn
∫
Rn
V (x)|∆uk|2dx =
∫ R
0
V (r)(f ′′k (r))
2rn−1dr + (n− 1 + 2ck)
∫ R
0
V (r)(f ′k(r))
2rn−3dr (29)
+ (2ck(n− 4) + c2k)
∫ R
0
V (r)rn−5f2k (r)dr − (n− 1)
∫ R
0
Vr(r)r
n−2(f ′k)
2(r)dr
− ck(n− 5)
∫ R
0
Vr(r)f
2
k (r)r
n−4dr − ck
∫ R
0
Vrr(r)f
2
k (r)r
n−3dr. (30)
+ (n− 1)V (R)(f ′k(R))2Rn−2
Now define gk(r) =
fk(r)
r
and note that gk(r) = O(r
k−1) for all k ≥ 1. We have
∫ R
0
V (r)(f ′k(r))
2rn−3 =
∫ R
0
V (r)(g′k(r))
2rn−1dr +
∫ R
0
2V (r)gk(r)g
′
k(r)r
n−2dr +
∫ R
0
V (r)g2k(r)r
n−3dr
=
∫ R
0
V (r)(g′k(r))
2rn−1dr − (n− 3)
∫ R
0
V (r)g2k(r)r
n−3dr −
∫ R
0
Vr(r)g
2
k(r)r
n−2dr
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Thus,
∫ R
0
V (r)(f ′k(r))
2rn−3 ≥
∫ R
0
W (r)f2k (r)r
n−3dr−(n−3)
∫ R
0
V (r)f2k (r)r
n−5dr−
∫ R
0
Vr(r)f
2
k (r)r
n−4dr. (31)
Substituting 2ck
∫ R
0 V (r)(f
′
k(r))
2rn−3 in (29) by its lower estimate in the last inequality (31), we get
1
nωn
∫
Rn
V (x)|∆uk|2dx ≥
∫ R
0
W (r)(f ′k(r))
2rn−1dr +
∫ R
0
W (r)(fk(r))
2rn−3dr
+ (n− 1)
∫ R
0
V (r)(f ′k(r))
2rn−3dr + ck(n− 1)
∫ R
0
V (r)(fk(r))
2rn−5dr
− (n− 1)
∫ R
0
Vr(r)r
n−2(f ′k)
2(r)dr − ck(n− 1)
∫ R
0
Vr(r)r
n−4(fk)
2(r)dr
+ ck(ck − (n− 1))
∫ R
0
V (r)rn−5f2k (r)dr
+ ck
∫ R
0
(W (r) − 2V (r)
r2
+
2Vr(r)
r
− Vrr(r))f2k (r)rn−3dr
+ (n− 1)V (R)(f ′k(R))2Rn−2 + V (R)
ϕ′(R)
ϕ(R)
Rn−1(f ′k(R))
2
The proof is now complete since the last two terms are non-negative by our assumptions. 
Remark 3.3 In order to apply the above theorem to
V (x) = |x|−2m
we see that even in the simplest case V ≡ 1 condition (25) reduces to (n−22 )2|x|−2 ≥ 2|x|−2, which is then
guaranteed only if n ≥ 5. More generally, if V (x) = |x|−2m, then in order to satisfy (25) we need to have
−(n+ 4)− 2√n2 − n+ 1
6
≤ m ≤ −(n+ 4) + 2
√
n2 − n+ 1
6
. (32)
Also to satisfy the condition (26) we need to have m > −n2 . Thus for m satisfying (32) the inequality
∫
BR
|∆u|2
|x|2m ≥ (
n+ 2m
2
)2
∫
BR
|∇u|2
|x|2m+2 dx. (33)
for all u ∈ H2(BR). Moreover, (n+2m2 )2 is the best constant. We shall see however that this inequality
remains true without condition (32), but with a constant that is sometimes different from (n+2m2 )
2 in the
cases where (32) is not valid. For example, if m = 0, then the best constant is 3 in dimension 4 and 2536 in
dimension 3.
3.2 The case of power potentials |x|m
The general Theorem 3.2 allowed us to deduce inequality (37) below for a restricted interval of powers m.
We shall now prove that the same holds for all −n2 ≤ m < n−22 . We start with the following result.
Theorem 3.4 Assume −n2 ≤ m < n−22 and Ω be a smooth domain in Rn, n ≥ 1. Then
an,m = inf


∫
BR
|∆u|2
|x|2m dx∫
BR
|∇u|2
|x|2m+2 dx
; H2(Ω) \ {0}

 = inf


∫
BR
|∆u|2
|x|2m dx∫
BR
|∇u|2
|x|2m+2dx
; u ∈ H20 (Ω) \ {0}

 (34)
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Proof. Decomposing again u ∈ C∞(B¯R) into spherical harmonics; u = Σ∞k=0uk, where uk = fk(|x|)ϕk(x),
one has
∫
Rn
|∆uk|2
|x|2m dx =
∫
Rn
|x|−2m(f ′′k (|x|))2dx+ ((n− 1)(2m+ 1) + 2ck)
∫
Rn
|x|−2m−2(f ′k)2dx (35)
+ ck(ck + (n− 4− 2m)(2m+ 2))
∫
Rn
|x|−2m−4(fk)2dx+ (n− 1)Rn−2m−2(f ′k(R))2,
and ∫
Rn
|∇uk|2
|x|2m+2 dx =
∫
Rn
|x|−2m−2(f ′k)2dx+ ck
∫
Rn
|x|−2m−4(fk)2dx. (36)
The rest of the proof follows from the inequality (13) and an argument similar to that of Theorem 6.1 in
[15]. 
Remark 3.5 The constant an,m has been computed explicitly in [15] (Theorem 6.1).
Theorem 3.6 Suppose n ≥ 1 and −n2 ≤ m < n−22 , and W is a Bessel potential on BR ⊂ Rn with n ≥ 3
and ϕ is the corresponding solution for the (B1,W ). If
R
ϕ′(R)
ϕ(R)
≥ −n
2
−m,
then for all u ∈ H2(BR) we have
∫
BR
|∆u|2
|x|2m ≥ an,m
∫
BR
|∇u|2
|x|2m+2 dx + β(W ;R)
∫
BR
W (x)
|∇u|2
|x|2m dx, (37)
where
an,m = inf


∫
BR
|∆u|2
|x|2m dx∫
BR
|∇u|2
|x|2m+2 dx
; u ∈ H2(BR) \ {0}

 .
Moreover β(W ;R) and am,n are the best constants to be computed in the appendix.
Proof: Assuming the inequality
∫
BR
|∆u|2
|x|2m ≥ an,m
∫
BR
|∇u|2
|x|2m+2 dx,
holds for all u ∈ C∞(B¯R), we shall prove that it can be improved by any Bessel potential W . We will use
the following inequality in the proof which follows directly from the inequality (13) with n=1.
∫ R
0
rα(f ′(r))2dr ≥ (α− 1
2
)2
∫ R
0
rα−2f2(r)dr + β(W ;R)
∫ R
0
rαW (r)f2(r)dr + (
ϕ′(R)
ϕ(R)
− α− 1
2R
)Rα, (38)
for α ≥ 1 and for all f ∈ C∞(0, R], where both (α−12 )2 and β(W ;R) are best constants. Decompose u ∈
C∞(B¯R) into its spherical harmonics Σ
∞
k=0uk, where uk = fk(|x|)ϕk(x). We evaluate Ik = 1nwn
∫
Rn
|∆uk|
2
|x|2m dx
10
in the following way
Ik =
∫ R
0
rn−2m−1(f ′′k (r))
2dr + [(n− 1)(2m+ 1) + 2ck]
∫ R
0
rn−2m−3(f ′k)
2dr
+ck[ck + (n− 2m− 4)(2m+ 2)]
∫ R
0
rn−2m−5(fk(r))
2dr
+ (n− 1)Rn−2m−2(f ′k(R))2
≥ β(W )
∫ R
0
rn−2m−1W (x)(f ′k)
2dr + [(
n+ 2m
2
)2 + 2ck]
∫ R
0
rn−2m−3(f ′k)
2dr
+ck[ck + (n− 2m− 4)(2m+ 2)]
∫ R
0
rn−2m−5(fk(r))
2dr
≥ β(W )
∫ R
0
rn−2m−1W (x)(f ′k)
2dr + an,m
∫ R
0
rn−2m−3(f ′k)
2dr
+β(W )[(
n+ 2m
2
)2 + 2ck − an,m]
∫ R
0
rn−2m−3W (x)(fk)
2dr
+
(
(
n− 2m− 4
2
)2[(
n+ 2m
2
)2 + 2ck − an,m] + ck[ck + (n− 2m− 4)(2m+ 2)]
) ∫ R
0
rn−2m−5(fk(r))
2dr.
Now by (115) in [15] we have
(
(
n− 2m− 4
2
)2[(
n+ 2m
2
)2 + 2ck − an,m] + ck[ck + (n− 2m− 4)(2m+ 2)] ≥ ckan,m,
for all k ≥ 0. Hence, we have
Ik ≥ an,m
∫ R
0
rn−2m−3(f ′k)
2dr + an,mck
∫ R
0
rn−2m−5(fk(r))
2dr
+β(W )
∫ R
0
rn−2m−1W (x)(f ′k)
2dr + β(W )[(
n+ 2m
2
)2 + 2ck − an,m]
∫ R
0
rn−2m−3W (x)(fk)
2dr
≥ an,m
∫ R
0
rn−2m−3(f ′k)
2dr + an,mck
∫ R
0
rn−2m−5(fk(r))
2dr
+β(W )
∫ R
0
rn−2m−1W (x)(f ′k)
2dr + β(W )ck
∫ R
0
rn−2m−3W (x)(fk)
2dr
= an,m
∫
BR
|∇u|2
|x|2m+2 dx+ β(W )
∫
BR
W (x)
|∇u|2
|x|2m dx.

In the following theorem we prove a very general class of weighted Hardy-Rellich inequalities on H2(Ω)∩H10 .
Theorem 3.7 Let Ω be a smooth domain in Rn with n ≥ 1 and let V ∈ C2(0, R =: supx∈Ω |x|) be a
non-negative function that satisfies the following conditions:
Vr(r) ≤ 0 and
∫ R
0
1
rn−3V (r)dr = −
∫ R
0
1
rn−4Vr(r)
dr = +∞. (39)
There exists λ1, λ2 ∈ R such that
rVr(r)
V (r) + λ1 ≥ 0 on (0, R) and limr→0
rVr(r)
V (r) + λ1 = 0, (40)
rVrr(r)
Vr(r)
+ λ2 ≥ 0 on (0, R) and lim
r→0
rVrr(r)
Vr(r)
+ λ2 = 0, (41)
and (
1
2 (n− λ1 − 2)2 + 3(n− 3)
)
V (r) − (n− 5)rVr(r) − r2Vrr(r) ≥ 0 for all r ∈ (0, R). (42)
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If λ1 ≤ n, then the following inequality holds:
∫
Ω
V (|x|)|∆u|2dx ≥ ( (n− λ1 − 2)
2
4
+ (n− 1))(n− λ1 − 4)
2
4
∫
Ω
V (|x|)
|x|4 u
2dx
− (n− 1)(n− λ2 − 2)
2
4
∫
Ω
Vr(|x|)
|x|3 u
2dx. (43)
Proof: We have by Theorem 2.4 and condition (42),
1
nωn
Z
Rn
V (x)|∆uk|
2
dx =
Z
R
0
V (r)(f ′′k (r))
2
r
n−1
dr + (n− 1 + 2ck)
Z
R
0
V (r)(f ′k(r))
2
r
n−3
dr
+ (2ck(n− 4) + c
2
k)
Z
R
0
V (r)rn−5f2k (r)dr − (n− 1)
Z
R
0
Vr(r)r
n−2(f ′k)
2(r)dr
− ck(n− 5)
Z
R
0
Vr(r)f
2
k (r)r
n−4
dr − ck
Z
R
0
Vrr(r)f
2
k (r)r
n−3
dr
+ (n− 1)V (R)(f ′k(R))
2
R
n−2
≥
Z
R
0
V (r)(f ′′k (r))
2
r
n−1
dr + (n− 1)
Z
R
0
V (r)(f ′k(r))
2
r
n−3
dr
− (n− 1)
Z
R
0
Vr(r)r
n−2(f ′k)
2(r)dr
+ ck
Z
R
0
„„
1
2
(n− λ1 − 2)
2 + 3(n− 3)
«
V (r)− (n− 5)rVr(r)− r
2
Vrr(r)
«
f
2
k (r)r
n−5
dr
+ (n− 1)V (R)(f ′k(R))
2
R
n−2
The rest of the proof follows from the above inequality combined with Theorem 2.4. 
Remark 3.8 Let V (r) = r−2m with −n2 ≤ m ≤ n−42 . Then in order to satisfy condition (42) we must have
−1−
√
1+(n−1)2
2 ≤ m ≤ n−42 . Since −1−
√
1+(n−1)2
2 ≤ −n2 , if −n2 ≤ m ≤ n−42 the inequality (43) gives the
following weighted second order Rellich inequality:
∫
B
|∆u|2
|x|2m dx ≥ Hn,m
∫
B
u2
|x|2m+4 dx u ∈ H
2(Ω) ∩H10 (Ω),
where
Hn,m := (
(n+ 2m)(n− 4− 2m)
4
)2. (44)
The following theorem includes a large class of improved Hardy-Rellich inequalities as special cases.
Theorem 3.9 Let −n2 ≤ m ≤ n−42 and let W (x) be a Bessel potential on a ball B of radius R in Rn with
radius R. Assume W (r)
Wr(r)
= −λ
r
+ f(r), where f(r) ≥ 0 and limr→0 rf(r) = 0. If λ ≤ n2 + m, then the
following inequality holds for all u ∈ H2 ∩H10 (B)
∫
B
|∆u|2
|x|2m dx ≥ Hn,m
∫
B
u2
|x|2m+4 dx
+β(W ;R)(
(n+ 2m)2
4
+
(n− 2m− λ− 2)2
4
)
∫
B
W (x)
|x|2m+2 u
2dx. (45)
Moreover, both constants are the best constants.
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Proof: Again we will frequently use inequality (38) in the proof. Decomposing u ∈ C∞(B¯R) into spherical
harmonics Σ∞k=0uk, where uk = fk(|x|)ϕk(x), we can write
1
nωn
∫
Rn
|∆uk|2
|x|2m dx =
∫ R
0
rn−2m−1(f ′′k (r))
2dr + [(n− 1)(2m+ 1) + 2ck]
∫ R
0
rn−2m−3(f ′k)
2dr
+ck[ck + (n− 2m− 4)(2m+ 2)]
∫ R
0
rn−2m−5(fk(r))
2dr
+ (n− 1)(f ′k(R))2Rn−2m−2
≥ (n+ 2m
2
)2
∫ R
0
rn−2m−3(f ′k)
2dr + β(W ;R)
∫ R
0
rn−2m−1W (x)(f ′k)
2dr
+ ck[ck + 2(
n− λ− 4
2
)2 + (n− 2m− 4)(2m+ 2)]
∫ R
0
rn−2m−5(fk(r))
2dr
+ (n− 1)(f ′k(R))2Rn−2m−2,
where we have used the fact that ck ≥ 0 to get the above inequality. We have
1
nωn
∫
Rn
|∆uk|2
|x|2m dx ≥ βn,m
∫ R
0
rn−2m−5(fk)
2dr
+β(W ;R)
(n+ 2m)2
4
∫ R
0
rn−2m−3W (x)(fk)
2dr
+β(W ;R)
∫ R
0
rn−2m−1W (x)(f ′k)
2dr
≥ βn,m
∫ R
0
rn−2m−5(fk)
2dr
+β(W ;R)(
(n+ 2m)2
4
+
(n− 2m− λ− 2)2
4
)
∫ R
0
rn−2m−3W (x)(fk)
2dr
≥ βn,m
nωn
∫
B
u2k
|x|2m+4 dx
+
β(W ;R)
nωn
(
(n+ 2m)2
4
+
(n− 2m− λ− 2)2
4
)
∫
B
W (x)
|x|2m+2 u
2
kdx,
by Theorem 2.4. Hence, (45) holds and the proof is complete. 
We shall now give a few immediate applications of the above in the case where m = 0 and n ≥ 3.
Theorem 3.10 AssumeW is a Bessel potential on BR ⊂ Rn with n ≥ 3 and ϕ is the corresponding solution
for the (B1,W ). If
R
ϕ′(R)
ϕ(R)
≥ −n
2
,
then for all u ∈ H2(BR) we have
∫
BR
|∆u|2dx ≥ C(n)
∫
BR
|∇u|2
|x|2 dx+ β(W ;R)
∫
BR
W (x)|∇u|2dx, (46)
where C(3) = 2536 , C(4) = 3 and C(n) =
n2
4 for all n ≥ 5. Moreover, C(n) and β(W ;R) are best constants.
Corollary 3.11 The following holds for any smooth bounded domain Ω in Rn with R = supx∈Ω |x|, and any
u ∈ H2(Ω).
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1. Let z0 be the first zero of the Bessel function J0(z) and choose 0 < µ < z0 so that
µ
J ′0(µ)
J0(µ)
= −n
2
. (47)
Then ∫
Ω |∆u|2dx ≥ C(n)
∫
Ω
|∇u|2
|x|2 dx+
µ2
R2
∫
Ω |∇u|2dx (48)
2. For any k ≥ 1, choose ρ ≥ R(eee
..
e(k−times)
) large enough so that Rϕ
′(R)
ϕ(R) ≥ −n2 , where
ϕ =
( j∏
i=1
log(i)
ρ
|x|
) 1
2 . (49)
Then we have
∫
Ω
|∆u(x)|2dx ≥ C(n)
∫
Ω
|∇u|2
|x|2 dx+
1
4
k∑
j=1
∫
Ω
|∇u|2
|x|2
( j∏
i=1
log(i)
ρ
|x|
)−2
dx, (50)
3. We have
∫
Ω
|∆u(x)|2dx ≥ C(n)
∫
Ω
|∇u|2
|x|2 dx+
1
4
n∑
i=1
∫
Ω
|∇u|
|x|2 X
2
1 (
|x|
R
)X22 (
|x|
R
)...X2i (
|x|
R
)dx. (51)
The following is immediate from Theorem 3.9 and from the fact that λ = 2 for the Bessel potential under
consideration.
Corollary 3.12 Let Ω be a smooth bounded domain in Rn, n ≥ 4 and R = supx∈Ω |x|. Then the following
holds for all u ∈ H2(Ω) ∩H10 (Ω)
1. Choose ρ ≥ R(eee
..
e(k−times)
) so that Rϕ
′(R)
ϕ(R) ≥ −n2 . Then
∫
Ω
|∆u(x)|2dx ≥ n
2(n− 4)2
16
∫
Ω
u2
|x|4 dx+ (1 +
n(n− 4)
8
)
k∑
j=1
∫
Ω
u2
|x|4
( j∏
i=1
log(i)
ρ
|x|
)−2
dx. (52)
2. Let Xi is defined as in the introduction, then
∫
Ω
|∆u(x)|2dx ≥ n
2(n− 4)2
16
∫
Ω
u2
|x|4 dx+(1+
n(n− 4)
8
)
n∑
i=1
∫
Ω
u2
|x|4X
2
1 (
|x|
R
)X22 (
|x|
R
)...X2i (
|x|
R
)dx. (53)
Moreover, all constants in the above inequalities are best constants.
Theorem 3.13 Let W1(x) and W2(x) be two radial Bessel potentials on a ball B of radius R in R
n with
n ≥ 4. Then for all u ∈ H2(B) ∩H10 (B)
∫
B
|∆u|2dx ≥ n
2(n− 4)2
16
∫
B
u2
|x|4 dx+
n2
4
β(W1;R)
∫
B
W1(x)
u2
|x|2 dx
+µ(
n− 2
2
)2
∫
B
u2
|x|2 dx+ µβ(W2;R)
∫
B
W2(x)u
2dx,
where µ is defined by (47).
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Proof: Here again we shall give a proof when n ≥ 5. The case n = 4 will be handled in the next
section. We again first use Theorem 3.10 (for n ≥ 5), then Theorem 2.15 in [15] with the Bessel pair
(|x|−2, |x|−2( (n−4)24 |x|−2+W )), then again Theorem 2.1 with the Bessel pair (1, (n−22 )2|x|−2+W ) to obtain
∫
B
|∆u|2dx ≥ n
2
4
∫
B
|∇u|2
|x|2 dx+ µ
∫
B
|∇u|2dx
≥ n
2(n− 4)2
16
∫
B
u2
|x|4 dx+
n2
4
β(W1;R)
∫
B
W1(x)
u2
|x|2 dx+ µ
∫
B
|∇u|2dxdx
≥ n
2(n− 4)2
16
∫
B
u2
|x|4 dx+
n2
4
β(W1;R)
∫
B
W1(x)
u2
|x|2 dx
+µ(
n− 2
2
)2
∫
B
u2
|x|2 dx+ µβ(W2;R)
∫
B
W2(x)u
2dx.
Theorem 3.14 Assume n ≥ 4 and let W (x) be a Bessel potential on a ball B of radius R and centered at
zero in Rn. Then the following holds for all u ∈ H2(B) ∩H10 (B):
∫
B
|∆u|2dx ≥ n
2(n− 4)2
16
∫
B
u2
|x|4 dx (54)
+β(W ;R)
n2
4
∫
B
W (x)
|x|2 u
2dx+
µ2
R2
||u||H10 , (55)
where µ
2
R2
is defined by (47).
Proof: Decomposing again u ∈ C∞(B¯R) into its spherical harmonics Σ∞k=0uk where uk = fk(|x|)ϕk(x), we
calculate
1
nωn
∫
Rn
|∆uk|2dx =
∫ R
0
rn−1(f ′′k (r))
2dr + [n− 1 + 2ck]
∫ R
0
rn−3(f ′k)
2dr
+ ck[ck + n− 4]
∫ R
0
rn−5(fk(r))
2dr
+ (n− 1)(f ′k(R))2Rn−2m−2
≥ n
2
4
∫ R
0
rn−3(f ′k)
2dr +
µ2
R2
∫ R
0
rn−1(f ′k)
2dr
+ ck
∫ R
0
rn−3(f ′k)
2dr
≥ n
2(n− 4)2
16
∫ R
0
rn−5(fk)
2dr
+β(W ;R)
n2
4
∫ R
0
W (r)rn−3(fk)
2dr
+
µ2
R2
∫ R
0
rn−1(f ′k)
2dr + ck
µ2
R2
∫ R
0
rn−3(fk)
2dr
=
n2(n− 4)2
16nωn
∫
Rn
u2k
|x|2m+4 dx
+
β(W ;R)
nωn
(
n2
4
)
∫
Rn
W (x)
|x|2 u
2
kdx+
µ2
nωnR2
||uk||W 1,20 .
Hence (54) holds. 
Acknowledgment: I would like to thank Professor Nassif Ghoussoub, my supervisor, for his valuable
suggestions, constant support, and encouragement.
15
References
[1] Adimurthi, N. Chaudhuri, and N. Ramaswamy, An improved Hardy Sobolev inequality and its applica-
tions, Proc. Amer. Math. Soc. 130 (2002), 489-505.
[2] Adimurthi, M. Grossi, and S. Santra, Optimal Hardy-Rellich inequalities, maximum principles and
related eigenvalue problems, J. Funct. Anal. 240 (2006), 36-83.
[3] G. Barbatis, Best constants for higher-order Rellich inequalities in LP (Ω), Math. Z. 255 (2007), 877-896.
[4] H. Brezis and J. L. Va´zquez, Blowup solutions of some nonlinear elliptic problems, Revista Mat. Univ.
Complutense Madrid 10 (1997), 443-469.
[5] L. Caffarelli, R. Kohn, L. Nirenberg, First order interpolation inequalities with weights, Compositio
Mathematica 53 (1984), 259-275.
[6] F. Catrina, Z.-Q. Wang, On the Caffarelli-Kohn-Nirenberg Inequalities: Sharp constants, Existence (and
Nonexistence), and symmetry of Extremal Functions, Communication on Pure and Applied Mathemat-
ics, 54 (2001), 229-258.
[7] C. Cowan: Optimal Hardy inequalites for general elliptic operators with improvements, Comm. Pure.
Applied. Anal, to appear.
[8] David G. Costa, On Hardy-Rellich type inequalities in Rn, Appl. Math. Lett., 22 (2009), 902-905
[9] E. B. Davies, A review of Hardy inequalities, Oper. Theory Adv. Appl. 110 (1999), 55-67.
[10] E. B. Davies, A.M. Hinz, Explicit constants for Rellich inequalities in Lp(Ω), Math Z. 227 (1998),
511-523.
[11] J.W. Dold, V.A. Galaktionov, A.A. Lacey, J.L. Vazquez, Rate of approach to a singular steady state in
quasilinear reactiondiffusion equations, Ann. Sc. Norm. Super Pisa Cl. Sci. 26 (1998) 663-687.
[12] S. Filippas, A. Tertikas, Optimizing improved Hardy inequalities, J. Funct. Anal. 192 (2002), no. 1,
186-233.
[13] F. Gazzola, H.F. Grunau, E. Mitidieri, Hardy inequalities with optimal constants and remainder terms,
Trans. Amer. Math. Soc. 356 (2004,) 2168-2419.
[14] N. Ghoussoub, A. Moradifam, On the best possible remaining term in the Hardy inequality, Proc. Nat.
Acad. Sci., vol. 105, no. 37 (2008) p. 13746-13751.
[15] N. Ghoussoub, A. Moradifam, Bessel pairs and optimal Hardy and Hardy-Rellich inequalities, submitted.
[16] A. Moradifam, On the critical dimension of a fourth order elliptic problem with negative exponent,
Journal of Differential Equations, In Press.
[17] F. Rellich, Halbbeschrnkte Differentialoperatoren hherer Ordnung, in: J.C.H. Gerneretsen, et al. (Eds.),
Proceedings of the International Congress of Mathematicians, North-Holland, Amsterdam, 1954, pp.
243-250.
[18] A. Tertikas, N.B. Zographopoulos, Best constants in the Hardy-Rellich inequalities and related improve-
ments, Advances in Mathematics, 209 (2007) 407-459.
[19] J. L. Va´zquez and E. Zuazua, The Hardy inequality and the asymptotic behaviour of the heat equation
with an inverse-square potential, J. Funct. Anal. 173 (2000), 103-153.
[20] Z-Q. Wang, M. Willem, Caffarelli-Kohn-Nirenberg inequalities with remainder terms, J. Funct. Anal.
203 (2003), 550-568.
16
